Abstract. In this paper, two Howland integrals are evaluated to 25D when the index is an odd integer. Those Howland integrals when the index is an even integer have been evaluated to 18D by Nelson. A new method of evaluation is used.
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The aim of the present paper is to evaluate these two integrals to 25D, when k is an odd integer, by using a direct method without recourse to the intermediate integrals. We begin by expanding the integrands into series as follows:
w 2w e sinh w ± w i ± 2we"° -e~2" we 2-, (Tl)/z"(H>)e , n-0 where pn(w) is the Gegenbauer polynomial of degree n and order unity [6] . The expressions are found to be different depending on zz being an even or an odd integer.
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In general, qn(k) is a polynomial of k of degree zz -1 with integral coefficients. The general expressions are q2 (7)
. ".2:
The preceding series for the integrals are rapidly convergent when A: is a large integer but slowly convergent when k is a small integer. In particular, the series for Ix and I2 are believed to be only conditionally convergent. For instance, an accuracy of 25D can be attained with only the first five terms for k ^ 44, ten terms for k Ï; 33 and as many as fifty terms for k ^ 20. Hence, it is necessary to use some other method to evaluate the early integrals. By a combined use of Cauchy's integral theorem and Cauchy's theorem of residues, the integrals I2k-X and I2*k_x are developed into series as follows: For k S: 1, j_I )<x . , x^ jna)
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hk-" -2i2k where a is a positive constant, 54," is the Kronecker delta, and zm and z* are the zzzth complex zeros of sinh z ± z, respectively, in the first quadrant of the z-plane. The results give two different expressions for each integral. The derivation will be described later. Each integral can then be computed from one expression and checked by the other. It is seen that each expression consists of two series. The first one is a real series and the second the real part of a complex series. It is also seen that the constant a occurs only on the right-hand side of each expression. This constant can be fixed to suit our convenience. The first series converges rapidly when a is large and the second when a is small. In fact, the first series of the first expression of each integral represents the value given by the trapezoidal rule, and the first series of the second expression represents the value given by the rectangular rule. In both cases, a is the width of the strip. Therefore, the second series of each expression may be regarded merely as a correction, analogous to the second series in Gregory's formula [7] . By a proper choice of a, the value of the second series can generally be made small in comparison with that of the first series.
In the computation, the value of a is taken as unity. Unlike the series in (5), the convergence of the first series becomes slower as k increases. To attain an accuracy of 25D with this value of a, 65 terms of the first series are needed for k = 1, 130 terms for k = 15 and 200 terms for k = 35. The corresponding numbers of terms needed to attain an accuracy of 18D are 47, 110 and 175, respectively. The number of terms needed in each instance decreases to one half if the value of a is doubled. In computing the second series, the 11D values of zm and z* computed before by Ling [8] are available. Their accuracy can be improved readily, whenever needed, by using the Newton-Raphson method. The convergence of the second series is so rapid that when a = 1, at most two terms are needed for the present computation.
An alternative method for computing these values is to attempt to evaluate the remainder term in (5). This remainder term has an integral representation of a similar nature as Ik or 1% itself, but the integrand is more complicated. On the other hand, when the Gauss-Laguerre quadrature rule was used in the evaluation, it was found that, for small values of k, adequate precision could not be obtained without an effort far exceeding that required when using (8) and (9).
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License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use where the contour is taken round the circle \z\ = R through a sequence of values such that the circle never passes through any pole of the integrand, t being any point on the x axis inside the circle and a a positive constant. The integral tends to zero as R tends to infinity. The poles of the integrand are Multiplying by cos (xi/a), integrating with respect to t from zero to infinity, and making use of the following integrals 
